Abstract-We consider beam selection using a fixed beamforming network (FBN) at a base station with array antennas. In our setting, a Butler matrix is deployed at the RF stage to form beams, and then the best beam is selected for transmission. We introduce some properties of the noncentral chi-square distribution and prove the resulting properties of the beam selection gain verifying that beam selection is superior to antenna selection in Rician channels with any -factors. Furthermore, we find asymptotically tight stochastic bounds of the beam selection gain, which yield approximate closed form expressions of the expected selection gain and the ergodic capacity. Beam selection has the order of growth of the ergodic capacity regardless of user location in contrast to for antenna selection.
I. INTRODUCTION

D
EPLOYING multiple antennas at a base station dramatically increases spectral efficiency. While multiple-input/multiple-output (MIMO) systems require multiple RF chains and elaborate signal processing units, Antenna selection has been an attractive solution for multiple antenna systems because only one RF chain is required to use the antenna with the highest signal-to-noise ratio (SNR).
With promise of higher spectral efficiency, we focus on beam selection instead of antenna selection using a FBN at a base station which deploys multiple linear equally spaced omnidirectional array antennas when each remote unit is equipped with an omnidirectional antenna. While the base station can adaptively steer beams to remote users using RF chains, we investigate the Butler matrix, a simple FBN at the RF stage producing orthogonal beams and requiring only one RF chain for the best beam to be selected for transmission [1] . The choice of the best beam can be achieved with partial channel state information (CSI) at the base station. The remote feeds back the index of the best beam to the base station for the forward link.
Recently, limited feedback beamforming has been studied for Rayleigh fading channels [2] - [7] . Particularly in [2] , the link between limited feedback beamforming and Grassmannian line packing has been established based on the assumption of independent and identically distributed (i.i.d.) Rayleigh fading channels. However, this link can not be directly applied for more general Rician fading, whose channel model is explored to investigate Butler FBN in this paper. Moreover, we only consider the case when the size of codebook vector is the same as the number of antennas at the base station. Since our beamforming matrix is unitary, it is optimal under i.i.d. Rayleigh fading channels by Grassmannian beamforming criterion in [2] .
Although beam selection has been known to have no advantage over antenna selection in ideal Rayleigh fading channels, it has been shown (using analysis and simulations) that beam selection can outperform antenna selection in correlated Rayleigh fading channels with limited angle spread [8] . For the case of Rician fading channels, there exist only limited analytical results of two very special cases of Rayleigh fading channels and deterministic channels except our own work in [9] while simulations and measurements have shown that beam selection using the Butler FBN outperforms antenna selection [10] .
One reason that beam selection performs better than antenna selection is that in beam selection approach, all antennas are used simultaneously even with one RF chain, while in the antenna selection case, only one antenna is used at a time. However, this only provides a partial answer. In [11] , the authors have shown that simultaneous transmission through multiple antennas in MIMO systems does not always outperform antenna selection. Moreover, the use of multiple antennas is an essential ingredient for a beamformer to take advantage of a non-zero line-of-sight (LOS) directive component in Rician fading channels. Thus, signal processing using directional basis would be a natural way to process, as the best matched beam would be more likely to obtain more power. In this paper, our main focus is to show how this beam selection performs under non-ideal LOS channels of Rician fading since Butler FBN is designed for LOS deterministic channels without consideration for randomness of Rician fading channels. To solve this, we have analyzed the performance of beam selection using the Butler FBN for Rician fading channels with arbitrary -factors and derived the exact distribution of the beam selection gain as a function of the azimuthal location of the remote user in our previous work [9] , where some key properties of the noncentral chi-square distribution and the resulting properties of the beam selection gain have been presented without any proofs. Using these properties, we have compared the beam selection gain with the antenna selection gain for Rician fading channels and analytically proved that beam selection outperforms antenna selection.
In this paper, we elaborate more on our work in [9] which, essentially, will provide the proofs to verify our claim that beam selection is superior to antenna selection regardless of user location in Rician channels with any -factors. Moreover, we find asymptotically tight stochastic bounds of the beam selection gain yielding approximate outage and the approximate expression for average performance. This approximation technique can be applied to the average performance measures as shown for the expected selection gain and the ergodic capacity. Using these results, we derive growth orders for the expected selection gain and the ergodic capacity of beam selection. We prove that these are higher than the corresponding orders of antenna selection. The remainder of this paper is organized as follows: In Section II, we present our system model when the Butler FBN is used in the base station. In Section III, we analyze the beam selection gain using a statistical approach. In Section IV, we compare the gain of beam selection with that of antenna selection, and prove that beam selection outperforms antenna selection under any Rician channel transmission model. In Section V, we find stochastic bounds of the beam selection gain and approximate closed form expressions of performance measures. Finally, we provide our conclusions in Section VI.
II. THE SYSTEM MODEL
We consider a base station endowed with antennas (as depicted in Fig. 1 ) and remote units each endowed with one antenna.
Notation:For any , let
denote the components of in increasing order [12] . In the reverse link, the received signal vector is given by (2) where the complex vector represents the flat fading channel gains normalized such that for , and the scalar is the transmitted signal. The noise vector is modeled as an zero-mean i.i.d. circularly symmetric complex Gaussian vector, with covariance matrix , where is identity matrix.
In our model, the average transmit power is constrained to be . This received signal is then processed by the Butler FBN whose output vector is given by
where denotes the Butler matrix given by (4) Clearly, the Butler matrix is unitary ( ) and can be considered as a discrete Fourier transform (DFT) with offset . Since is unitary, has the same distribution as . The output signal from the th port of the Butler FBN is the th entry of in (3) and is given by (5) For this port of Butler matrix, the SNR equals to , where
is the SNR gain of the th beam. Let us assume that the receiver can estimate the channel perfectly, e.g., through known pilot symbols which it receives. Then, the base station can choose the port with the highest SNR as a receiver for the reverse link. This SNR is then given by , where . Next, we consider beam selection for the forward link. A duplexing scheme is used to separate the forward link from the reverse link. In particular, if time-division duplex (TDD) is used, the same Butler FBN can be shared by both links. Assume that the base station sends the signal only through the th port of the Butler FBN. Using the Butler FBN to feed the array, which is reciprocal, the signal vector fed to array is given by . Thus, the Butler FBN precodes the transmitted signal in the forward link while it combines the received signals in the reverse link. The received signal at the mobile user becomes (7) where and denote the channel vector and the noise for the forward link, respectively. Since we are interested in the SNR, (7) is mathematically identical with (5) assuming the same statistics for the channel and the noise on both links. Thus, the SNR for this port is given by , where . We assume that the base station has perfect zero delay feedback information from the mobile user. The mobile user can feedback the index of the best beam to the base station, which is only bits of information. Under this optimal selection, the SNR is given by . The requirement of feedback information for the forward link is the only difference between reverse and forward link beam selection. From this point on, we will not distinguish reverse and forward link beam selection in this paper as they are analytically identical. We define the beam selection gain as the ratio of the SNR of beam selection with a FBN to the average SNR of random antenna switching without a FBN, which is given by .
III. BEAM SELECTION GAINS IN FADING CHANNELS
It has been shown that beam selection outperforms antenna selection in ideal LOS channels, while beam selection performs as good as antenna selection in ideal nonline-of-sight (NLOS) channels [10] . We are interested in investigating the performance of beam selection under Rician channel models. This is the most frequently used realistic channel model in wireless communications. Under the Rician channel model, the normalized channel vector can be modeled as multipath signals (8) The entries of complex vector (which represents the normalized LOS component) are modeled to have unit magnitude and fixed phase. The entries of the complex vector (which represents the normalized NLOS component) are modeled by i.i.d. zero-mean circularly symmetric complex Gaussian random variables with unit variance. The parameter is referred to as the Rician -factor, which represents the ratio of the LOS signal power to the NLOS signal power. The special cases of and represent ideal LOS (deterministic) and ideal NLOS (Rayleigh fading) channels, respectively.
A. Deterministic Components
Consider the LOS component . Let denote the azimuthal angle of incident measured clockwise from the line perpendicular to the linear equally spaced array antennas (broadside) to the direction of a LOS signal assuming two-dimensional geometry (horizontal plane) as shown in Fig. 1 . Furthermore, assume that the distance between the base station and the mobile user is much larger than array antenna separation (plane wave). Then for both reverse and forward link beam selection, is given by (9) where is an arbitrary phase shift of the signal from/to the first array antenna, is the distance between adjacent array antennas, and is the carrier wavelength. Let the SNR gain of the th beam in ideal LOS channels ( ) be denoted by
where (11) Since is a function of , so is . We refer the set of functions a beam pattern with the following properties:
(12) (13) (14) where the azimuthal angle satisfying (13) is the beam direction. Let us define a lobe of a beam as a main lobe if the beam direction is inside that lobe.
It can be shown that the condition for all beams to have at least one main lobe is given by (15) which is usually assumed because there is no point in deploying antennas if some beams do not even have any main lobes. Furthermore, we can see that all beams have at most one main lobe in the half horizontal plane except its mirror in the other half if (16) which may not be assumed in case we want to exploit the diversity when the angular spread is not large enough or we want to have at least beam directions in the area of less than the half horizontal plane. While the most common choice of the antenna separation is for each beam to have one main lobe, we only assume (15) in this paper. Thus, each beam has at least one main lobe but it can also have multiple main lobes if (16) is not met. Under (15), we can observe that the beam pattern is a periodic function of with the period and an even function of . Since this paper neither evaluates the system based on some characteristic of nor analyzes the average performance based on the statistics of , it is enough to examine the beam pattern from to the first beam direction given by (17) Fig. 1 shows an exemplary beam pattern for the typical antenna separation , whose beam labeling is defined in (10) . Note that beam directions of beams 1 and are closest to broadside.
B. Probabilistic Analysis
Now, let us consider the statistical channel model including NLOS components. Applying the Rician channel model in (8) to the SNR gain in (6) yields (18) where is also a zero-mean i.i.d. circularly symmetric complex Gaussian random vector with unit variance for each entry since is a unitary matrix. The cumulative distribution function (cdf) of is given by [9] ( 19) where is the noncentral chi-square cdf with degrees of freedom and the noncentrality parameter , is a Poisson random variable with mean , and is the chi-square cdf with degrees of freedom, given by (20) if is an even number as in (19) where . Note that given , evaluating is enough to know the distribution of the SNR gain . Therefore, we can focus on a set of random variables only from to the first beam direction because the beam pattern is a periodic function of as described in the previous subsection. Since is i.i.d., are independent although they are not identical. Now, let us return to our primary interest, the beam selection gain , whose distribution can be finally derived as [13, p. 9] (21) and thus for ,
We introduce the following useful theorem on the noncentral chi-square distribution. These results can be found in [14, Theorem 3.9 and Remark 3.10, p. 779], where log-concavity and monotonicity in the noncentrality parameter are investigated in the more general setting of arbitrary degrees of freedom.
Theorem 1:
The logarithm of the noncentral chi-square cdf with two degrees of freedom (23) is a strictly decreasing and strictly concave function of the noncentrality parameter for any given assuming that the base of logarithm is greater than one. This will be assumed for the remainder of this paper. Now, we are ready to formulate the following theorem, where stochastic order relations are introduced in [15 applying the result in [15, pp. 405, 406] . 3 Similarly, they can also serve as upper and lower bounds, respectively, for the averages of any performance measures which are decreasing functions of SNR, e.g., the bit error rate (BER). In the remainder of this paper, we will show that beam forming is still a beneficial signal processing technique whether the signal is aligned with the beam direction ( ) or far away from it ( ).
IV. BEAM SELECTION VERSUS ANTENNA SELECTION
Let us consider the antenna selection gain under the same scenario used for beam selection case except the fact that the Butler FBN will not be deployed for antenna selection. When the th antenna is selected among antennas in the base station, the SNR is given by , where . Assuming that the antenna with the highest SNR is always selected, the antenna selection gain is defined as the ratio of the SNR of antenna selection to the average SNR of random antenna switching, which can be expressed by . For any , the cdf of becomes (27) 3 For any two random variables and , if is stochastically larger than , then for all increasing functions and for all decreasing functions . Therefore, the cdf of is given by
We present the following lemma, which supports simulation and measurement results shown in [10] .
Lemma 1: For the same Rician -factor, beam selection always outperforms antenna selection, i.e., the beam selection gain is stochastically larger than the antenna selection gain . Proof: Applying the concavity result in Theorem 1 and Jensen's inequality gives us (29) for any given . . Each group of the curves for the antenna selection gain is repeated for comparison in each subplot. We observe that for the same Rician -factor, beam selection outperforms antenna selection, as proved in Lemma 1. 
V. ASYMPTOTIC SELECTION GAINS
The beam selection gain is known to be upper bounded by of and lower bounded by of . In this section, we show how these upper and lower bounds change as . Using this, we can obtain the asymptotic selection gain of arbitrary located remote users. Furthermore, these analytical results can be applied to study the outage and the ergodic capacity of beam selection systems. For this purpose, consider the SNR gain and its cdf as functions of the azimuthal angle , and assume . Thus, and its cdf can be considered as functions of . Note that the distribution of has a parameter in (19) , which is also a function of in (10) as explained in Section III-A.
A. Bounds and Approximations
First, we can obtain the stochastic lower bound for the beam selection gain of the user at the beam direction given by We also have the following theorem useful for average performance evaluation, whose proof can be found in Appendix A. This lemma also yields the order of growth of the ergodic capacity regardless of user location, which is faster than for antenna selection [11] . However, it has been shown only for Rayleigh fading channels that growth orders of the expected gain and the ergodic capacity of antenna selection are given by and , respectively. It can be shown that the same holds for Rician fading channels in the following lemma. by (9) . Let us define , whose cdf is given by . Then, (56) yields (57) where is the antenna selection gain given for Rayleigh fading channels in [11] . Thus, we have (58) and (59) (60) From (27) [11] , (53) follows from (58) and (62). Similarly, since in [11] , applying this to (60) and (63) gives us (54). (59) and (63), respectively. We see that the approximations approach the numerically integrated exact values as increases while the bounds of antenna selection also hold for any . It can be visually confirmed that the ergodic capacity of beam selection grows faster as increases than that of antenna selection.
VI. CONCLUSION
We considered beam selection using the Butler FBN at the base station with multiple linear equally spaced omnidirectional array antennas. Completing the analysis of the beam selection gain, we provided the proofs of the key properties verifying that beam selection is superior to antenna selection in Rician channels with any -factors. We also found asymptotically tight stochastic bounds of the beam selection gain and approximate closed form expressions of the expected selection gain and the ergodic capacity. Using these results, we proved that the asymptotic growth order of beam selection is higher than that of antenna selection. Numerical results were provided demonstrating the underlying gains and verifying the tightness of our approximations. This confirmed that beam forming is still a beneficial signal processing technique whether the signal is aligned with the beam direction or far away from it.
APPENDIX A
1) Proof of Theorem 2:
Define (64) Under (15) is an increasing and continuous function of and has the range . Therefore, we only need to show that is a strictly decreasing function of in the domain . From (11), (65) and by defining if otherwise,
we can represent (
Note that is a periodic function with period , symmetric with respect to the axis , and the value of at makes a continuous function of . First, prove that for the beam pattern can be sorted in nonincreasing order as follows: (68) where is a floor function. It can be easily shown that
We obtain the following equivalent inequalities of (68):
We can see that (71) and (72) which yields (70) because in (71), the numerator has the same value at for any fixed and all , and the denominator is increasing function of . Define the nondecreasingly sorted vector from given by
for . Let us show that strictly majorizes for , which means (74) and (75) for all . We already have (74) from (12), and thus it suffices to prove (75). Under the assumption that (75) is proved, using the Hardy-Littlewood-Pólya inequality in [16, pp. 88-91 ] based on the strict concavity of (23) in Theorem 1 gives us (76) which basically shows that is a strictly decreasing function of .
Let us prove that and are strictly increasing and strictly decreasing, respectively. For , it can be shown that (77) We can show is negative for because by the Taylor series expansion (78) where is the th Bernoulli number. Therefore, is strictly decreasing in , and thus is strictly increasing in by the symmetry. Since (79) and (80) we have proved our claim. Now, consider the case when and . We can see that if , is strictly decreasing because the numerator and the denominator in (66) are strictly decreasing and strictly increasing, respectively, as functions of . Moreover, we can show the fact that is strictly decreasing, which can lead to the consequence that is strictly decreasing for odd and thus is strictly decreasing for as well. It suffices to prove that
because it can be shown that
By defining , , and , we have We can see that for , has maximum at either or and let it be denoted by . We are ready to show the following series of inequalities: (92) where the last inequality holds as . This proves (85), and thus (81) follows.
It is clear that is strictly decreasing for all because (93) and (94) are strictly decreasing for , which we has been proved above, and becomes either the sum of (94) for multiple or the sum of (93) and (94) for multiple . The validity of (76) completes our proof. , and then in (41) follows immediately. The value of can be computed using Sankaran's approximation in [17] , where it has been suggested that for a random variable with the cdf , is approximately zero mean Gaussian with unit variance and this approximation improves if either or increases. Thus as increases (97) where is the inverse function of the Gaussian cdf given by (98) Let us use the notations and to denote the mean and variance of any distribution , respectively. Then, it can be shown that (99) where and (Euler's constant) [11] . For (this is true for all for some ), applying one-sided Chebyshev's inequality in [18, p. 152] yields (100) and thus (101) where (102) by (97) and (99) (106) as above. Note that is the distribution of the maximum of two independent random variables following and . It can be easily proved that (107) and (108) Once again using one-sided Chebyshev's inequality (109) where (110) for large . As increases, this implies , which leads us as in (103). 
2) Proof of
3) Proof of
for any as (117) can be minimized by choosing . Let us obtain the upper bound for the first term of (117) using the Marcum Q-function defined and bounded as (118) where is the modified Bessel function of the first kind with order zero [19] . Using the connection between the Rice distribution and the noncentral chi-square distribution with two degrees of freedom, it can be shown that (119) From (118) and (119), the first term in (117) is bounded as (120) for . If we take such that (121) then (120) goes to zero. Consider the second term of (117). Note that is the exponential distribution, which has an increasing failure rate (IFR) [20, Sec. 3.2] . From the chains of implication in [20, p. 159] , is a new better than used (NBU) distribution, which is closed under the formation of coherent systems including parallel systems, and thus the distribution is a new better than used in expectation (NBUE) as well as NBU. The main results and definitions in [20] are summarized in Appendix B. Using the bound for NBUE in [20, p. 187 Since then, he has led R&D groups in design of contactless smart cards, digital telephones, high-performance conferencing systems and multimedia wireless systems and devices, including recent work on new networked telehealth, energy management, and other IP-based M2M systems and services. His recent research focus has been on capacity enhancement, QoS, radio resource management, cognitive radio, and automatic system configuration advances for next-generation wireless networks. He holds numerous patents associated with RF, signal processing, acoustic and wireless systems.
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